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Abstract 
In this paper, we show that any finite product N” of closed orientable surfaces of genus 
at least 2 satisfies the property that all proper, surjective mappings p from an orientable 
(n + 2)-manifold A4 to a 2-manifold B for which each p-‘(b) is homotopy equivalent to N” 
necessarily are approximate fibrations. 
Key words: Upper semicontinuous decomposition; Hopfian group; Approximate fibration; 
Winding function; Fibrator; Cohomology ring 
Ah4S CMOS) Subj. Class.: Primary 55R65, 57N15; secondary 57N25, 54B15 
1. Introduction 
Approximate fibrations were introduced by Coram and Duvall in [l] as a 
generalization of both Hurewicz fibrations and cell-like maps. Much of the theory 
of Hurewicz fibrations carries over to the set of approximate fibrations. 
A proper map p : Me B between locally compact ANRs is called an approxi- 
mate fibration if it has the following homotopy property: Given an open cover E of 
B, an arbitrary space X and two maps g: X * M and F: XX I c, B such that 
pog=F,,thereexistsamapG:Xxl *M such that G, = g and p 0 G is E-close 
to F. 
It is quite natural to ask the following: 
Question. When is a proper map p : Me B an approximate fibration? 
Sometimes a proper map defined on an arbitrary manifold of a specific 
dimension can be recognized as an approximate fibration due to having point 
preimages all of a certain homotopy type (or shape). 
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We set up the following data; a specific closed n-manifold N; an (n + k)- 
manifold M; a USC (upper semicontinuous) decomposition G of M into copies of 
N (up to shape); the associated decomposition space B = M/G, which is presumed 
to be finite dimensional; and the standard decomposition map p : M e B. 
We will call a closed n-manifold N a codimension k fibrutor (respectively, a 
codimension k orientable fibrator) if whenever G is a USC decomposition of an 
arbitrary (respectively, orientable) (n + k)-manifold M such that each g E G is 
shape equivalent to N and dim M/G < 03, then p : M ++ B (= M/G) is an approx- 
imate fibration. 
A great deal is known about codimension 1 fibrutors. For more details, see [5,9]. 
Daverman and Walsh showed that S” is a codimension k fibrator for n & k and 
n > 1 in [7]. Daverman proved that all closed surfaces except those of Euler 
characteristic zero are codimension 2 fibrators [7]. 
In this paper, we extend Daverman’s result; namely, any finite product of closed 
orientable surfaces of genus at least 2 is a codimension 2 fibrutor. 
Throughout this paper, the symbols y , = and = denote homotopy, homeo- 
morphism, and isomorphism, in that order. When we use a superscripted capital 
letter (e.g. M”) to denote a topological manifold, the superscript will represent the 
dimension of a manifold. We assume all spaces are locally compact, metrizable 
ANRs, and all manifolds are finite dimensional, connected, and boundaryless. 
Whenever we allow boundary, the object will be called a manifold with boundary. 
A map p : X e Y is proper provided p-‘(C) is compact for any compact subset 
C of Y. Note that p is proper if and only if p is closed and each point preimage is 
compact. 
A manifold M is said to be closed if M is compact, connected, and boundary- 
less. 
A manifold M is aspherical if T,(M) is zero for all i > 1. 
Consider a USC decomposition G of a manifold M into closed orientable 
manifolds. There are useful winding functions defined locally on B( = M/G) in the 
following manner. Each b E B has neighborhoods U 3 U, such that p-‘(U) 
retracts to p-‘(b) and p-‘(U,,) deformation retracts to p-‘(b) in p-‘(U), then 
the inclusion induced 
?Pb : H,(p-lb) -H,,(P-~U) 
is an isomorphism onto the image of 
w&(p-luO) -*H,(p-W). 
For any c E U,, the image of 
*= : H,(p-lc) e H,( pP’U) 
is contained in im P (= image of P>. Hence 
~~‘.~~:H,(p-‘c)~H,(p-lb) 
is a well-defined homomorphism between two copies of Z, meaning that up to sign 
it amounts to multiplication by some integer q,> 0. The local winding function 
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ab. 
* U, ++ 2 at b is determined by the rule a,(c) = q,. The continuity set C of 
p : A4 ct B (= M/G) consists of those points b E B such that (Ye is continuous in 
some neighborhood of b. Coram and Duvall have shown C to be a dense, open 
subset of B [3]. 
A map f : X * Y is a shape equivalence provided for each ANR P, f : [Y, P] ++ 
[X, P] is a bijection of sets, where each of [Y, P] and [X, PI denotes the set of 
homotopy classes of maps and f([(~l) = [(Y 0 f I for [al E [Y, PI. 
A group H is said to be Hopfian if every epimorphism 0 : H * H is necessarily 
an isomorphism. 
For simplicity, we will assume each g E G to be an ANR having the homotopy 
type of N”. In particular, we focus on the codimension 2 case. The following result 
is the key fact to investigate co&me&on 2 fibrators, which is found in [lo]. 
Theorem 1.1. Zf G is a USC decomposition of an orientable (n + 2)manifold M into 
closed, orientable n-manifolds, then the decomposition space B is a 2-manifold and 
D = B - C is locally finite in B, where C represents the continuity set of p : M * B. 
As a consequence, in the orientable case we can localize the problem to that of 
an open disk B, provided that p is an approximate fibration over the continuity set 
C, so that p : M H B is an approximate fibration over B - b for some b E B. 
In [7], Daverman proved the following theorem. 
Theorem 1.2. Every closed surface F2 for which x(F*> # 0 is a codimension 2 
fibrator. 
Remark. The torus and Klein bottle are not codimension 2 fibrators. 
We state the main theorem extending Theorem 1.2. 
Main Theorem. Any finite product of closed, orientable surfaces of genus at least 2 
is a codimension 2 fibrator. 
2. Some results about codimension k tibrators 
Most of this section is due to Daverman and can be found in [71. We state the 
established results without proof. 
Theorem 2.1. For n > 1 and n > k, S” is a codimension k fibrator. 
Remark. For n = 1, the decomposition map p : M c-* B is an approximate fibration 
over the complement of a locally finite set. In particular, Coram and Duvall [3] 
showed that given a USC decomposition G of S3 into compacta having the shape of 
S1 for which S3/G is S* the decomposition map p : S3 - S3/G is an approximate 
fibration over the complement of a finite set. 
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Theorem 2.2. Every (k - l)-connected, closed manifold N” (k > 1) is a codimension 
k fibrator . 
Corollary 2.3. Every simply connected closed manifold is a codimension 2 fibrator. 
Theorem 2.4. Let N” be a closed manifold such that each element of r,(N”) has 
order 2. Then N” is a codimension 2 fibrator. 
As an immediate consequence, we have the following. 
Corollary 2.5. Real projective n-space P” (n > 1) is a codimension 2 fibrator. 
3. Preliminary lemmas 
Recall that a group H is Hopfian provided every epimorphism 13: H ++ H is 
necessarily an isomorphism. The following lemmas provide a starting point to 
prove that any finite product of closed, orientable surfaces of genus at least 2 is a 
codimension 2 fibrator . 
Lemma 3.1 [7]. Suppose N” is a closed, orientable, aspherical manifold with Hopfian 
fundamental group, G is a USC decomposition of Mn+k into copies of N”, and 
dim M/G < 00. Then p : M e M/G is an approximate fibration over its continuity set 
C. 
Lemma 3.2 [20, Corollary 3.7.101. Let f : F, e F2 be a continuous map such that the 
degree off is zero, where F. is a closed orientable surface of genus g, for i = 1, 2. 
Then we have 
rank f * ~g,, 
where f .+ : H,(F,) H H,(F2) is the induced homomorphism. 
The following is the key lemma to prove that any finite product of closed, 
orientable surfaces of genus at least 2 is a codimension 2 fibrator. We use Fi to 
denote a closed orientable surface of genus gi( > 2) and N = F, X F2 X * * * X F,, 
where n is a positive integer. 
Lemma 3.3. Let 4 : N ++ N be a continuous map which is not degree 1. Then 
rank &* G rank H,(N) - minlbiGngi, 
where $* : H,(N) H H,(N). 
Proof. First of all, notice that H,(N) = @~=,H,(F$), H’(N) = Hom(H,(N)), 
4* : H’(N) ++ H1(N) is dual to 4 * : H,(N) r, H,(N), because each H,(F.) 
free Abelian group. 
and 
is a 
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If n = 1, the degree of 4 is zero [7, Lemma 3.51. Hence it is simply a 
consequence of Lemma 3.2. 
We assume IZ = 2. Let ai’s be the standard generators of HI@‘,) for 1 =Z i < 2g,, 
and a[‘~ be the standard generators of H,(F,) for 1 < i =G 2g,. We can assume 
(a,, (Ye,. . . , azg,, a;, . . . , a&,,> is a basis of H,(F, x F2). 
Now 4* induces an m X m matrix of the following form 
A B 
[ 1 C D 
where 
m = 2gr + 2g,, 
A = ( aij) is a 2g, X 2g, matrix, 
B = (bij) is a 2g, X 2g, matrix, 
C = ( cij) is a 2g, X 2g, matrix, 
and 
D = (djj) is a 2g, X 2g, matrix. 
We assume +*((ui> is a row matrix for each i. 
NOW we consider the cohomology ring of N = F, X F2. Then H *(IV) has the 
following basis elements: 
dim 0: 1 x 1, 
dim 1: &ix 1, 1 X&j, 
dim2:/?,Xl,&iX&~,lX~z, 
dim 3: p^, x&i, GiXp^,, 
dim 4: p^, ~6, 
for 1 <i G 2g, and 1 <j G 2g,, where Gi and &I denote basis elements of H’CF,) 
and H’(F,) which are dual to elements of the standard bases of H,(F,) and 
H,( F,), respectively. 
Hence hiugj=O if Ii, j)#(2k-1,2k) where l<i, jG2g, and l<k<g,, 
&;~&i=Oif(i,jJ#(2k-1,2k)wherel<i, j~2g,and1,<~~g,,~zi-1U~2i 
= pr the generator of H’(F,> for 1 < i <g, and C;;j_ 1 U &hi = p2 the generator of 
H’(F,) for 1 G j G g,. 
Since $* : H’(N) - H’(N) is the transpose of the matrix of $* : H,(N) ++ 
H,(N), then 
2g1 2g2 
~*(&ixl)=~a,j(&jxl)+~b,j(lx&J) forlGiG2gr 
j=l j=l 
and 
2g1 
4*(1 x 6;) = CCjj( B,x1)+2cd,i(lxB;) for1 <i<2g,. 
j=i j=l 
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For 1 G i, j G 2g,, 
Then, if 1 G i, j G 2g, and ii, j) z {2k - 1,2kJ for 1 <k <g,, then the CUP 
product identities imply the following determinant identities: 
I I ai’r hi’s =0 for lGrG2g,, lGs<2g,. aj,r bj,s 
We now prove that if A and B are both nonzero, then [ABI has rank at most 2. 
Let a,,, be a nonzero entry of A. Let 1 G i’ G 2g, and 1 G k <g, such that 
{i, i’} = (2k - 1, 2k). The preceding determinant identities imply that if 1 <j G 2g, 
and j # i’, then the jth row of B is aj Jai r times the ith row of B. Now consider 
the case in which an entry bi, in ‘the ‘ith row of B is nonzero. Then the 
determinant identities imply that if 1 <j Q 2g, and j # i’, then aj ./ai I = bj ,/bi s 
and the jth row of A is bj,,/b, s times the ith row of A. So, ‘in this case, if 
1 <j G 2g, and j # i’, then the 7th row of [AB] is a multiple of the ith row. 
Finally, consider the case in which every entry in the ith row of B is zero. Then 
the determinant identities imply that the only nonzero entries of B lie in the i’th 
row. Arguing as above, we then find that if 1 <j G 2g, and j # i’, then the jth row 
of A is a multiple of the i’th row. So, in the case if 1 <j G 2g, and j f i’, then the 
jth row of [AB] is a multiple of the i’th row. Thus, in either case, rows 2k - 1 and 
2k span the row space of LAB], proving rank ([ABI) G 2. 
Thus, if both A and B are nonzero, then we obtain 
rank $* G 2 + 2g, < rank H,(N) - min{ g,, g2}. 
So we can assume that one of A and B is zero. In a similar way, we conclude that 
C or D is zero. 
Then we can assume that 4* induces the matrix of the following form 
A 0 
[ 1 0 D 
or 
0 B 
[ I c 0’ 
In other cases, it is obvious that 
rank 4 * G rank H,(N) - min{ g,, g2}. 
If 4* induces [{ :I, we can write the induced map $* as 
4* =(41x42)* :H,(N) -H,(N). 
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In fact, this 4 is the original 4 composed with homeomorphisms, but we abuse 
notation. Here &i : F, - Fi is defined by 
4i=pio40~j for i= 1,2, 
and pi and 7i are the projection and inclusion, respectively. 
We prove deg 4 = (deg 41) .(deg 4J Since 4* = (41 X 42)* on H’(N) and 
since H*(N) is generated by elements of H’(N), then 4* = (41 X 42)* on 
H*(N). Hence, 
(deg 4)(P^, xl%) = 4*(& Xi%) 
= (4, x 4,)*(p^, x 62) 
= deg(4, X 4,)(/% xi&j. 
So deg 4 = deg(4, x 4& Next observe that 
c&(4, X4,)(& X&j = (41 X42)*(81 X&) 
= (41P17 4zP*)*(bI x&z) 
= (4,P,!*(&)” (4A*(b*) 
=L7:4:(&) “P245(&) 
=4:(&) x4@*) 
= (deg 4J(&) X (deg 42@2) 
= (deg 4,)(deg 42)(P^l X6,). 
Hence, deg(4, x 42) = (deg 4,). (deg 4J. 
By hypothesis, the degree of 4 is not 1. Since deg 4 = (deg 41). (deg 4*), then 
either deg 4, = 0 or deg 4z = 0 [7, Lemma 3.51. By Lemma 3.2, 
rank(4,) * <ICI 
or 
rank(4,) * <g2. 
Since rank 4,* = rank(4, x 4*)* = rank(4,), -I- rank(4, 
lows directly. 
) *, then the result fol- 
NOW we assume that 4, induces the matrix [i :I. If 
homeomorphism h : N t-, N by 
h(x, Y) = (Y, x) for (x, Y) eFl xFd=N)- 
F, = F,, we define a 
Then the previous case indicates that (h 0 4) *, and then 4 * satisfies 
rank 4 * 6 rank H,(N) - min{ gl, g2}. 
If F, z F2 and g, <g,, where g, is the genus of Fi for i = 1,2, PZ 0 4 0 71: F, * 
F2 is a degree 0 map. Otherwise, by [20, Corollary 3.7.101, rank(p, o 4 o rl) is 2g2. 
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Since g, <g,, rank(p, 0 4 0 ~~1 cannot be 2g,. Therefore, p2 0 C& 0 7, is a degree 0 
map. 
Hence, Lemma 3.2 implies that rank B <g,, and the result follows directly. 
Now we consider the general case. We can assume that 4* induces an m X m 
matrix of the following form. 
where m = 2(g, + . . . +g,> and Ajj is a 2gi x 2g, matrix for 1 <i, jgn. 
We apply the same technique as in the case of n = 2. Then, we can assume that 
for each 1 < i < n, at most one Aij in the matrix [Ai,. . . A,,] is not zero. 
If +* induces the diagonal matrix 
then the conclusion follows by a generalization of the previous argument. Other- 
wise, by using the homeomorphism changing coordinates for Fi = Fj or the map 
pj 0 4 0 7i : Fi - Fj for F, #I;;, we have the same conclusion as in the previous 
case. 0 
Remark. The above lemma holds even if we take any coefficient module, in 
particular, the Z,-coefficient. 
4. Main result 
In what follows we verify the main result. Let M be an orientable (n + 2) 
manifold, and G be a USC decomposition of M into copies of N. First, we need to 
show that the fundamental group of N is Hopfian. We begin with the following 
definition and lemma, which are found in [15]. 
Definition 4.1. A group G is said to be residually finite if for each 1 # g E G, there 
exists a finite group H and a homomorphism 4 : G *H with 6(g) # 1. 
Lemma 4.2 [15, Lemma 4.21. If G is a finitely generated, residually finite group, then 
G is Hopfian. 
As a consequence, we have the following. 
Lemma 4.3. Let N be a finite product of closed orientable surfaces of genus at least 2. 
Then r,(N) is Hopfian. 
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Proof. It is well known that for a closed orientable surface F2, the fundamental 
group of F2 is finitely generated, residually finite [14]. Then, by the definition of 
residually finite group, it is obvious that the fundamental group of N is residually 
finite. Thus Lemma 4.2 implies that r,(N) is Hopfian. 0 
Main Theorem. Any finite product of closed, orientable surfaces of genus at least 2 
is a codimension 2 orientable fibrator. 
Proof. Theorem 1.1 implies that the decomposition space B is a 2-manifold and 
the discontinuity set D = B - C of p : M -B is locally finite. Since ri(Fj) = 0 for 
all i > 2 and rT(FI X F2) = TJF,) @ xj(F2), N = F, X . . X F,, is aspherical. Ac- 
cording to Lemma 3.1, the issue localizes to one where B is an open disk and 
I, : A4 - B is an approximate fibration over B - b,. Name g, E G such that 
p(g,) = b,, cut down B if necessary so that there is a retraction r : M * g,, and fix 
gfg, in G. 
Consider the following homotopy exact sequence of an approximate fibration [ll 
1 -+ri(g) +ri(M-ga) +r,(B-b,) - 1. 
Notice that B - b, is the homotopy type of S’. 
After Abelianization, we have 
H,(M-g”) =im[i.H,(g)] @z, 
where i: g-M-g, is the inclusion. However, the inclusion induced homomor- 
phism 
H,(M-g,) *H,(M) 
is surjective. This follows from the homology exact sequence 
... +H,(M, M-g,) +H,(M-g,) +H,(M) +H,(M, M-g,) + ... 
and the Alexander dualty H,(M, M-g,) = H”+‘(g,,) = 0. Also, r* : H,(M) H 
H,(g,,) is onto because r : A4 r-) g, is a retraction. Thus, we get 
rank( r 0 i) .+ > rank H,( IV) - 1, 
where g&MAg,. 
On the other hand, Lemma 3.3 implies that if r 0 i is not a degree 1 map, we 
have at least 
rank( r 0 i) .+ G rank H,(N) - 2. 
Therefore, we conclude that r 0 i is a degree 1 map, and hence r 0 i: g eg, 
induces a fundamental group epimorphism [15, Lemma 15.121. The Hopfian 
property implies that r 0 i induces an isomorphism. Asphericity of N then implies 
r 0 i is a homotopy equivalence, and the conclusion follows from [2]. 0 
As in the closed, orientable surface case, we also get the following corollaries. 
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Corollary 4.4. Let Mn+2 be a simply connected manifold, N” = F, x F2 x . . . x Fk 
be a finite product of closed orientable surfaces of genus at least 2. Then there is no 
USC decomposition of Mn+2 into copies of N. 
Proof. Otherwise, the decomposition space B will be simply connected because 
p* : T,(M) ++ r,(B) is onto and A4 is simply connected, and then B will be 
topologically S2 or E2. The homotopy exact sequence for an approximate fibration 
Z-~(B) + rI( N) + CT~( M) = 1 
leads to the impossibility that al(N) is cyclic. q 
Remark. Even if Mn+2 is a connected manifold with H,(M) = 0, the result holds. 
Since p* : H,(M) -H,(B) is onto, H,(B) is zero. Thus B is either S2 or E’. 
Corollary 4.5. If N” is a finite product of closed orientable surfaces of genus at least 
2, then there is no USC decomposition of Sn+2 into copies of N”. 
Corollary 4.6. Zf G is a USC decomposition of Mn+2 into copies of N”, a finite 
product of closed orientable surfaces of genus at least 2, and x(B) < 0, then Mn+2 is 
aspherical and r,(M) is an extension of rI(N) by rI(B). 
Proof. Notice that N is an aspherical manifold. For k 2 2, part of the exact 
sequence of the approximate fibration p : IW’+~ -B shows 
1 =rrk(N) -rTTk(M) -r,(B) z 1. 
This implies that A4 is aspherical. The same argument and the fact that r2(B) = 1 
imply the group extension. 0 
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